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Abstract--The machine behaviour of a linear iteration is considered in the neighbourhood of a 
fixed point or of a cycle. Using discrete diagrams, we show why things can be different from what 
a continuous approach could predict. Many numerical examples are included. 
R~sumg----Le comportement machine d'une it6ration lin6aire st &udid dans le voisinage d'un point 
fixe ou d'un cycle. Grfice fi des diagrammes discrets, ou montre pourquoi les choses peuvent ~tre 
diff6rentes de ce qu'une approche continue pourrait pr~voir. De nombreux exemples d'illustration 
sont inclus. 
1. INTRODUCTION 
Let F: R--* • be a real function having a fixed point ¢, 
= F(~), 
and suppose IF'(¢)I < 1; ~ is then an attractive fixed point. The following iteration, 
x,+, = F(x,),  (1) 
will converge towards ~, 
I x , -~ l<~c#"  (0~<# < 1), 
provided it is started close enough to ¢. 
Of course this well-known convergence result lies within the framework of continuous 
mathematics and analysis. If we now simulate iteration (1) on a (necessarily discrete) digital 
computing device, convergence will be of a different kind. It is, in fact, a stationary 
convergence, for a given number of decimal digits. 
The aim of the present paper is to investigate and to elucidate what happens when one 
iterates a given function on a machine, especially in the neighbourhood of a (mathematical) 
fixed point (or, more generally, of a cycle.) In fact, things can be very different from what 
a continuous approach could predict. 
For example, we shall prove in some cases the existence of numerous (attractive or 
repulsive) machine fixed points. We shall give an accurate evaluation for their number. 
Moreover, in some cases, there is no longer any machine fixed point, but sometimes 
machine cycles of length 2 instead. 
These phenomena, empirically known by users of numerical iterations, will be explored 
systematically. They will be given a comprehensive interpretation i  terms of a graphical 
layout. Then they will be extended to the case of a (mathematical) cycle for F; in this case 
many machine cycles can appear and sometimes their length can be doubled. For example 
one may have machine cycles of length 4, or 6, arising from a mathematical cycle of length 
2, or 3. 
Remarks 
(1) All our experimentation is performed on linear (or piecewise linear) functions: 
F(x)  = ¢ + ~t(x - ¢) 
(with :~ = F'(¢)). 
1259 
1260 F. ROBERT 
The reason for this is the following: any usual function is actually linear in the machine 
neighbourhood of a fixed point, with respect o the fineness of the machine discretization 
of the real axis. Indeed, for 
F(x) = ~ + =(x - ~) + ~(x - ~)2 +. . .  
the approximation of F(x) by its linear part is of order/~(x -{)-'. For x in a machine 
neighbourhood of {, say within l0 -I°, (x - {)" is of order 10 -2°. Then /~ needs to be as 
large as 10 t° for a significant machine rror on F(x). Of course, we do not consider here 
the case when { would be very large. 
(2) Assuming now that F is linear 
F(x )  = ~ + • (x - ~), 
the mathematical behaviour on the iteration x, .  ~ = F(x,) is well-known and will be briefly 
summarized here. 
For ~ 4= 1, ~ is the unique fixed point of F and the following global results hold, .% being 
arbitrary: 
if I=1 < 1, 
if[~[ > !, 
The transitions for the behaviour are at 
and 
is attractive; 
is repulsive. 
= ! (every x is a fixed point, since F(x )= x), 
~=0 
= - 1 (every x0 produces a cycle of length 2). 
In what follows, we shall see that the machine behaviour of the iteration can be different, 
especially for ¢¢ close to 1 or to -1 .  
We examine two main cases: truncation or rounding. 
2. TRUNCATION 
Consider the machine behaviour of the following mathematical iteration, 
x,÷, = ~ + ~(x , -  ¢) = V(x,), 
in the following case (truncation); x, being given as a machine number, we assume that the 
machine value for x,+, is the truncation (up to k decimal digits; k given) of the exact 
value of F (x,). 
If we denote by M the machine operator corresponding to F, the following diagram 
(Fig. 1) should now be clear. 
y-=a' 
/ 
i 
I 
I 
Fig. I. 0 < :~ < h :c not close to I. 
y= F(x )  
¥ = M(X)  
i 
Mochine iteration 
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In this case, the machine simulat ion for the attractive mathematical  fixed point ~ is quite 
satisfactory. There exists an attractive machine fixed point close to ¢. 
Figure 2 shows another satisfactory case. 
y =F'(x} 
Y = M ( " r )~ y , i  
I 
Y / 
/ 
/ 
i 
I 
I 
Machine irefarion 
Fig. 2. - I < -, < 0; • not close to - |. 
Here again, there exists a machine fixed point close to ¢; and this machine fixed point 
is attractive, though there is a vortex. 
However,  i f  ~ is closer to 1, or to -1 ,  than in the two examples above, things can be 
more surprising (Fig. 3). 
Y 
y=x y = F (x) 
s / 
- y=M( ,~)  
I 
I 
1 
I 
I 
I _ 
I 
I 
00+ Mao ,o+,,+oo 
Fig. 3. 0 < :~ < I: :c close to I. 
A number o f  machine fixed points appear on the left o f  ~. 
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,v =F(x)  
, \  I 
I 
= I 
"i 
_i / '  
/ 
/ 
:b 
i 
I t I 
I 
I 
I 
y=x 
/ 
\ 
Fig. 4. -1  <a  <0;  a close to - I .  
i ?e r0? i0n  
As shown in Fig. 4, there is no longer any machine fixed point, but now attractive cycles 
(in the neighbourhood of ~) appear. 
Numerical Experiments 
All the following eiperiments have been performed on a CASIO FX 702 P pocket 
computer, using very elementary BASIC programs. We took k = 6 decimal digits. As F(x, )  
is computed up to 10 decimal digits, the first 6 are surely exact. That is why the following 
numerical experiments illustrate exactly the above diagrams, since the truncation is 
performed correctly. 
We took ~ = 0.6327215. Reported here are the machine iteration graphs we obtained 
(for ~t taken from 3 to -3) .  
: t=3;F (x )=3x-2~ 
17 18 t9 20 21 ~ 2~ 23 24 25 26 27 
The coefficient :t is so large that there is no machine fixed point. Divergence. 
= 2; F(x )  = 2x - 
17 18 19 20 21 { 22 23 24 2.5 26 27 
One machine fixed point. Divergence (decreasing). 
:t = 1.1; F(x)= I . l x  -0 .1~ 
17 18 "19 20 21 ~ 22 23 24 .... 30 31 32 33 
Ten machine fixed points, Divergence. 
As ~ passes from 2 to 1, more and more machine fixed points appear, and divergence 
becomes slower and slower. For :t = l, any number is a fixed point (obvious). 
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:t =0.9;  F(x)=0.9x +0.1~ 
10 11 '12 . . .  19 20 ~'1 ~ ;~2 23 24 
Ten maohine fixed points (see Fig. 3). Convergence. As :t passes from 1 to 0, the number 
of  machine fixed points is decreasing and convergence becomes more rapid. 
ot = 0.6;  F(x) = 0 .6x  + 0.,¢~ 
16 17 18 19 20 21 ~ 22 23 24 25 
Still two machine fixed points. 
a = 0.2; F(x) = 0 .2x  + 0 .8~ 
Is ir is 19 20 21 ~ 22 23 24 25 26 
A single, very attractive machine fixed point (see Fig. 1). 
As ~ passes from 0 to - l, attraction of  the unique machine fixed point will be relaxed. 
= -0 .2 ;  F(x) = -0 .2x  + 1.2~ 
l r  is 19 z5 2~ ~ a2 ~3 ~4 
A vortex appears. 
e = -0 .4 ; ' F (x )  = -0 .4x  + 1.4~ 
17 la 19 2 o ~ y 2 4  
Vorticity is increasing (see Fig. 2). Attraction is relaxed. 
~t = -0 .9 ;  F(x) = -0 .9x  + 1.9~ 
For :~ = -1  any x0 produces a cycle of  length 2 (obvious). 
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= -- 1.1; F(x) = - l . lx  + 2.1¢ 
17' 18 ~9 2 0 ~ 2  23 24 2-~ 26 
There is no longer any machine fixed point, but a divergent spiral. 
= -3 ;  F(x)= -3x  +4¢ 
Divergent spirals. 
Other interesting cases 
In the above diagrams, we took ¢ = 0.632721 5. Now we shift ~ slightly to the right, in 
the machine interval [0.632721, 0.632722] and we take 
¢ =0.632721 8. 
As 0t passes from 3 to -0 .2 ,  the machine diagrams obtained retain the same general 
appearance as before (without being exactly identical). But a change appears for ~ = - 0.4, 
F(x) = -0 .4x  + 1.4~, and we get 
~6 ~7 18 ~9 2o 2~ {22 23 24 2"5 2-6 ~7 
(cf. Fig. 4) 
Thus, shifting the fixed point ¢ to the right has a clear consequence: cycling appears 
earlier, when ~ decreases from 0 towards -1 .  
Comments 
The machine behaviour of a linear iteration, when truncation is performed, is now clear; 
depending on the different values of the slope ~, the machine iteration is a more or less 
accurate simulation of the mathematical process. The main facts are as follows: 
(i) when ~ is close to I, many machine fixed points appear (attractive for 
< 1, repulsive for ~ > 1); 
(ii) when • is close to - i ,  many machine cycles of length 2 can appear 
(especially when ¢ is on the right-hand half of its "machine interval", 
¢ >0). 
Instead of truncation we now examine the case of rounding; the situation turns out to 
be slightly, but not fundamentally, different. 
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3. ROUNDING 
We still consider the machine behaviour of the following linear iteration: 
x,+.  = ~ + • (x, - ¢)  = F (x , ) .  
But now, we shall be working with the maximum number of decimal digits given by the 
machine: 10, with a CASIO FX 702 P pocket computer. In this case, the machine value for 
x,+ t is no longer a truncated value ofF(x,): because of (hidden) guard-digits, the machine 
value for x,+ j will be now a rounded value of F(x,). The corresponding iteration diagram 
now differs slightly from before (see Fig. 5). 
I 
t 
I 
/ y=F(x} 
/ 
~ 'L~ , '-M{x, 
Mach ine  iteration 
Fig. 5 .0<~<l ;~,c loseto  1. 
(cf. With Fig. 3; in particular, the machine fixed points are now located on both sides of 
the mathematical fixed point ~.) 
Numerical Experiments 
We took ~ = 0.6854209331 4. Reported here are some numerical experiments, for 
passing from 1.1 to - 1.1. Notice that, in these diagrams, two consecutive points represent 
really two consecutive machine numbers. 
= 1.1; F(x)= l . l x  -0 . I~  
Q,O 
25 26 27 . . .  31 ~ 32 . . .  36 37' 38 
Ten machine fixed points. Divergence. 
=0.9; F(x ) - -0 .9x  +0.1~ 
25 26 27 . . .  31 ~ 32 . . .  36 3~' 38 
Ten machine fixed points. Convergence. 
= 0.4; F(x)  = 0.4x + 0.6¢ 
CA.M WA 12B ~-6---O 
32 33 34 35 
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= --0.4; F(x) = -0 .4x  + 1.4~ 
26 27 28 29 3 0 ~ 3 . 4  
Attractive cycling. 
= -0.9;  F(x) = -0 .9x  + 1.9~ 
Attractive cycling. 
3.3 36 3.7 Z7 28 29 3.0 3,1 { 3.2 34 35 
= -- 1.1; F(x)  = - l . l x  + 2.1~ 
Repulsive cycling. 
~ ~ 29 3o 3i~ 32 33. 3, ~ /6 
Thus, in the case of rounding, the machine behaviour of a linear iteration presents the 
same general features as for truncation. 
4. AN ESTIMATE FOR THE NUMBER OF 
MACHINE F IXED POINTS 
Proposition. For truncation, as well as for rounding, the number q of machine 
fixed points for a linear function of slope ~ ~ 1 satisfies 
1 1 
It- l 1 q l" 
These inequalities determine only two possible values of the integer q, or 
three if l / l l  -a [  is itself an integer. 
Notice that this result depends only on :~, and not on the machine 
representation f numbers. 
We sketch the proof only for the case of truncation, with 0 < ~ < 1. The other cases can 
be treated in a very similar way. 
For truncation, with 0 < g < 1, consider again Fig. 3. 
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y=,¢ 
i ~ , v =  F(xl = ~ +-, (x-~) ¥ =Ft,r) -/? 
I / '~y=Mt , r )  
I 
I 
I 
r 
t 
I 
I 
0 ~ Machine iteration 
The machine fixed points (here, they are 2) are located between q and ¢. A simple 
computation shows that 
h 
1 -~ 
h h # h h h 
q machine fixed points 
In the general case, there are q machine fixed points in the interval [7, ~]; then, 
¢ - r / -2h  ~<(q - l)h ~<¢ -7 ,  
from which 
1 1 
~- l~q~< +1, 
1 -~ 1 -5  
and the result holds. II 
Illustration 
Table 1 compares the number q of machine fixed points suggested by the previous result 
with those observed in the preceding experiments. 
Notice that prediction and experiments are consistent. Numerous other experiments 
confirmed this without exception. 
We recall that the given prediction is independent of the computing device to be used, 
provided the machine value M (x ) for F (x ) is the exact truncated, or rounded, value ofF(x). 
Table I 
Observed q 
I Predicted 
~t I I - ", I q Truncation Rounding 
3 0.5 0 or I 0 
2 1 0, fo r2  I 
I.I l0 9, 10or II l0 
0.9 10 9, 10or II l0 
0.6 2.5 2or3  2 
0.4 1.66. . .  I or 2 
0.2 1.25 I or 2 I 
- 0.2 0 .833. . .  0 or I 1 
--0.4 0.714... 0or I 1,0 
-0.9 0.526... 0or I I 
-- I.I 0.476... 0 or I 0 
--3 0.25 0or I 0 
I0 
I0 
q = number of  machine fixed points, q is only 0 or I when [:t] is large. 
As ,, approaches I, q becomes increasingly large. 
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In this case, we can count up to 50 machine cycles of length 2, with the following 
graphical ayout. 
580~ 9~4 
The two exterior cycles are attractive (lab l < 1). 
Remark. 
l 1 
1--49.25...~<q~<51.25 . . . . .  +1 so q=50 or 51 
I1 -abl II -abl 
(see later). 
a = b = -0.99 
Table 3 
Second iterate 
x First iterate (when different from x) 
578 916 579 
L 
579 915 580 
d~ 
f 580 9,, 
| 629 866 
BE  630 865 
m 
"~ 631 864 630 T 
Here, we get 51 machine cycles of length 2, disposed as follows: 
580 ~ 914 
Both the exterior and the interior cycle are attractive (lab[ < 1). 
As before, 
1 
t l -abl  50.25...  and q=50 or 51. 
a = 0.99; b = -0 .99  
1.220278605 
606 
615 
616 
617 
Table 4 
First Second Third Fourth 
x iterate iterate iterate iterate 
591 876 618 903 
592 877 617 902 
593 878 616 901 
600 885 610 894 
604 889 606 891 
2.946440890 
891 604 889 
900 595 880 
901 594 879 
902 593 878 
592 
593 
615 
616 
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There is still a machine cycle of length 2, but now many machine cycles of length 4 
appear, disposed as follows: 
593 60.~ 616 87'8 890 901 
The "exterior" cycle is attractive. 
For a = b = 1.01, a = b = - 1.01 and a = 1.01, b = -1.01, very similar results have 
been obtained, with repulsive cycles [cf. 1]. 
Some Comments 
For machine iteration in the neighbourhood of a cycle of length 2, one could develop 
iterative diagrams analogous to those established above for a fixed point. We could then 
confirm the main facts of the preceding experiments: 
(i) Existence of numerous machine cycles of length 2, when ab is a close to 
1. The relative positions of these machine cycles depend on the signs of a 
and b. 
(ii) Existence of machine cycles of length 4 when ab is close to - 1. This is 
analogous to the existence of machine cycles of length 2 in the neigh- 
bourhood of a fixed point (cf. Sections 2 and 3 above) when the slope 
is close to - 1. 
Indeed, the preceding results can be reinterpreted by considering the composition 
product FoF = F ~. This function F ~ is still piecewise linear. From the cycle (¢, r/) of F, we 
get two fixed points, ¢ and ~/, for F 2. Moreover, the slope of F 2, at ¢ and at r/, is exactly 
ab. 
When ab is close to 1, the existence of numerous machine cycles of length 2 for F 
corresponds to machine fixed points for F:. 
That is why the estimate of the number q of machine cycles of length 2 for F is valid, 
when obtained by estimating the number of machine fixed points for F 2, i.e. 
! 1 
l~<q~<--  FI. 
I1 -ab l  I1 -ab l  
Now, occurrence of machine cycles of length 4 for F, when ab is close to -1 ,  
corresponds to machine cycles of length 2 for F 2 (instead of the mathematical fixed point 
or 17.) This is what happens for a = 0.99 and b = -0.99. (In fact, some last decimal places 
behave irregularly.) 
We now pass to the case of a cycle of length 3 for F, where quite similar results are 
obtained. 
6. THE CASE OF A CYCLE OF LENGTH 3 
We now consider F, a piecewise linear function, with a cycle of length 3, denoted by 
(¢, ~/,/~), as shown in Fig. 7: 
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/ 
I 
I 
/ 
/ y :~,  
Fz(x) :~, *Z~(x-~) 
/ 
/ 
/ 
F~(x) ,.~ + c( z-#} 
Fig. 7 
The cycle (~, r/,/~) is attractive if labc[< 1; repulsive if labcl> 1. 
Numerical Experiments 
Again, we experimented only with the max imum number (10) of  decimal digits, using 
the rounding of  the machine. We took: 
= 1.26355990 8; r /=  3.272765135; /~ = 2.9754141 16. 
Tables 5-7 record the results obtained for a = b = c = 1.01; a = b = 1.01, c = -1 .01 ;  
and a = b = c = -1 .01  (see Ref. [1] for other results). 
a =b =c  = 1.01 
Table 5 
Second Third iterate 
x First iterate iterate (when different from x) 
890 117 098 889 
891 118 099 890 
892 119 100 
1.26)559908 3.272765135 2.975414116 
924 151 132 
925 152 133 926 
926 153 134 927 
~T 
We get here 33 machine cycles of  length 3, disposed as follows: 
132 116 100 
The two extreme cycles are repulsive. 
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Here  
t 1 - abc[  
= 33.00, 
from which we get 33 ~< q ~< 34. Indeed, there are 33 machine cycles. 
a =b = 1.01,  c = -1.01 
Table 6 
First Second Third Fourth Fifth Sixth 
x iterate iterate iterate iterate iterate iterate 
898 125 106 918 145 127 897 T 
899 126 107 917 144 125 898 
900 127 108 916 143 124 
907 134 115 909 136 117 
1.263559908 3.272765135 2.975414116 
909 136 117 907 134 115 
915 142 123 901 128 109 
916 143 124 900 127 108 917 
917 144 125 899 126 107 918 
Here we get one machine cycle of length 3 and some machine cycles of length 6: 
\ 
424 116 108 
The "exterior" cycle is repulsive. 
a =b =c  = -1 .0 !  
Table 7 
First Second Third Fourth Fifth Sixth 
x iterate iterate iterate iterate iterate iterate 
898 145 106 918 125 127 897 T 
899 144 107 917 126 125 898 
900 143 108 916 127 124 
907 136 115 909 134 117 
1.263559908 3.272765135 2.975414116 
909 134 117 907 136 115 
916 127 124 900 143 108 
917 126 125 899 144 107 918 
918 125 126 898 145 105 919 
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Here again, these is a machine cycle of length 3, and some machine cycles of length 6: 
124 116 108 
The "exter ior"  cycle is repulsive. 
Comments 
Earlier remarks apply to the present case of a mathematical cycle of length 3, the main 
features being as follows: 
(i) When abc is near 1, many machine cycles of length 3 appear, and their 
number can be estimated accurately. 
(ii) When abc is near -1 ,  the length of machine cycles doubles from 3 to 6. 
These facts can be interpreted by considering F 3, which is piecewise linear, and has ~, 
r/,/~ as fixed points. At each of these fixed points the slope of F 3 is precisely abc. Then, 
occurrence of machine cycles of length 3 for F (when abc is close to 1) corresponds to 
machine fixed points for F 3. Moreover, occurrence of machine cycles of length 6 for F 
(when abc is close to - I) corresponds to machine cycles of length 2 for F 3 (see Sections 
2 and 3 above). 
Moreover, it is clear that things would be quite similar for cycles of length > 3. We do 
not consider them here since such cases are rare in the everyday numerical experience. 
7. FINAL REMARKS 
We now understand better the iterative machine behaviour of a linear or piecewise linear 
function in the neighbourhood of a fixed point or of a cycle. 
One can ask what would happen with non-linear functions. One can say (and numerical 
experience has confirmed this point) that the same phenomena we discussed here would 
still appear, provided the following condition is satisfied. Considering the fineness of the 
machine discretization of the reals, the function we consider need to remain (piecewise) 
linear in the machine neighbourhood ofa fixed point, or of a cycle (cf. Section 1, Remarks). 
When this "linear" character of functions is no longer valid, it is necessary to reconsider 
and to rebuild discrete iterative diagrams (in the way of Figs 1-5 of the present work) with 
a more complicated machine operator M of the considered function F. 
Nevertheless, extension of the present study, to functions of several variables, seems 
rather technical. The eigenelements of the Jacobian of F (a map from ~n to R n) would now 
play the role of the slopes ~t, a, b, c above. Moreover, exploration of the machine iteration 
graph of F is a very tedious task, for n/> 2. 
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